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Abstract
We prove existence of vacuum space-times with freely prescribable
cone-smooth initial data on past null infinity.
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1 Introduction
A question of interest in general relativity is the construction of large classes of
space-times with controlled global properties. A flagship example of this line of
enquiries is the Christodoulou-Klainerman theorem [3] of nonlinear stability of
Minkowski space-time. Because this theorem carries only limited information on
the asymptotic behaviour of the resulting gravitational fields, and applies only
to near-Minkowskian configurations in any case, it is of interest to construct
space-times with better understood global properties. One way of doing this is
to carry out the construction starting from initial data at the future null cone,
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I −, of past timelike infinity i−. An approach to this has been presented in [10],
but an existence theorem for the problem is still lacking. The purpose of this
work is to fill this gap.
In order to present our result some terminology and notation is needed:
Let CO denote the (future) light-cone of the origin O in Minkowski space-time
(throughout this work, by “light-cone of a point O” we mean the subset of a
spacetime M covered by future directed null geodesics issued from O). Let,
in manifestly flat coordinates yµ, ℓ = ∂0 + (y
i/|~y|)∂i denote the field of null
tangents to CO. Let d˜αβγδ be a tensor with algebraic symmetries of the Weyl
tensor and with vanishing η-traces, where η denotes the Minkowski metric. Let
ς be the pull-back of
d˜αβγδℓ
αℓγ
to CO \ {O}. Let, finally, ςab denote the components of ς in a frame parallel-
propagated along the generators of CO. We prove the following:
Theorem 1.1 Let CO be the light-cone of the origin O in Minkowski space-
time. For any ς as above there exists a neighborhood O of O, a smooth metric g
and a smooth function Θ such that CO is the light-cone of O for g, Θ vanishes
on CO, with ∇Θ nonzero on J˙+(O) ∩O \ {O}, the function Θ has no zeros on
O ∩ I+(O), and the metric Θ−2g satisfies the vacuum Einstein equations there.
Further, the tensor field
dαβγδ := Θ
−1Cαβγδ ,
where Cαβγδ is the Weyl tensor of g, extends smoothly across {Θ = 0}, and ςab
are the frame components, in a g-parallel-propagated frame, of the pull-back to
CO of dαβγδℓ
αℓγ. The solution is unique up to isometry.
1.1 Strategy of the proof
The starting point of our analysis are the conformal field equations of Friedrich.
The task consists of constructing initial data, for those equations, which arise
as the restriction to the future light-cone I − of past timelike infinity i− of
tensors which are smooth in the unphysical space-time. We then use a system
of conformally invariant wave equations of [13] to obtain a space-time with a
metric solving the vacuum Einstein equations to the future of i−.
Now, some of Friedrich’s conformal equations involve only derivatives tan-
gent to I −, and have therefore the character of constraint equations. Those
equations form a set of PDEs with a specific hierarchical structure, so that so-
lutions can be obtained by integrating ODEs along the generators of I −. This
implies that the constraint equations can be solved in a straightforward way in
coordinates adapted to I − in terms of a subset of the fields on the light-cone.
However, there arise serious difficulties when attempting to show that solutions
of the conformal constraint equations can be realized by smooth space-time
tensors. These difficulties lie at the heart of the problem at hand. To be able
to handle this issue, we note that ς determines the null data of [12]. These
null data are used in [12] to construct smooth tensor fields satisfying Friedrich’s
equations up to terms which decay faster than any power of the Euclidean
coordinate distance from i−, similarly for their derivatives of any order; such
error terms are said to be O(|y|∞). For fields on the light-cone, the notation
O(r∞) is defined similarly, where r is an affine distance from the vertex along
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the generators, with derivatives only in directions tangent to the light-cone. In
particular the approximate solution so obtained solves the constraint equations
up to error terms of order O(r∞). Using a comparison argument, we show that
the approximate fields differ, on CO, from the exact solution of the constraints
by terms which are O(r∞). But tensor fields on the light-cone which decay to
infinite order in adapted coordinates arise from smooth tensors in space-time,
which implies that the solution of the constraint equations arises indeed from
a smooth tensor in space-time. As already indicated, this is what is needed to
be able to apply the existence theorems for systems of wave equations in [7],
provided such a system is at disposal. This last element of our proof is pro-
vided by the system of wave equations of [13], and the results on propagation
of constraints for this system established there.1
2 From approximate solutions to solutions
Recall Friedrich’s system of conformally-regular equations (see [11] and refer-
ences therein)
∇ρdµνσρ = 0 , (2.1)
∇µLνσ −∇νLµσ = ∇ρΘ dνµσρ , (2.2)
∇µ∇νΘ = −ΘLµν + sgµν , (2.3)
∇µs = −Lµν∇νΘ , (2.4)
2Θs−∇µΘ∇µΘ = 0 , (2.5)
Rµνσ
κ[g] = Θdµνσ
κ + 2
(
gσ[µLν]
κ − δ[µκLν]σ
)
. (2.6)
Here Θ is the conformal factor relating the physical metric g˜µν with the un-
physical metric gµν = Θ
−2g˜µν , the fields dµνσ
κ and Lαβ encode the information
about the unphysical Riemann tensor as made explicit in (2.6), while the trace
of (2.3) can be viewed as the definition of s.
We wish to construct solutions of (2.1)-(2.6) with initial data on a light-cone
Ci− , emanating from a point i
−, with Θ vanishing on Ci− and with s(i
−) 6= 0.
(The actual value of s(i−) can be changed by constant rescalings of the conformal
factor Θ and of the field dαβγ
δ. For definiteness we will choose s(i−) = −2.) As
explained in [9], such solutions lead to vacuum space-times, where past timelike
infinity is the point i− and where past null infinity I − is Ci− \ {i−}.
We will present two methods of doing this: while the second one is closely
related to the classical one in [2], the advantage of the first one is that it allows
in principle a larger class of initial data, see Remark 2.6 below.
Let, then, a “target metric” gˆ be given and let the operator ∇ˆ denote its
covariant derivative with associated Christoffel symbols Γˆσαβ . Set
Hσ := gαβ(Γσαβ − Γˆσαβ) . (2.7)
Consider the system of wave equations which [13, Section 6.1] follows from
1Compare [8], where a system based on the equations of Choquet-Bruhat and Novello [2]
is used.
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(2.1)-(2.6) when Hσ vanishes:
✷
(H)
g Lµν = 4LµκLν
κ − gµν |L|2 − 2CµσνρLρσ + 1
6
∇µ∇νR , (2.8)
✷gs = Θ|L|2 − 1
6
∇κR∇κΘ− 1
6
sR , (2.9)
✷gΘ = 4s− 1
6
ΘR , (2.10)
✷
(H)
g Cµνσρ = Cµνα
κCσρκ
α − 4Cσκ[µαCν]αρκ − 2Cσρκ[µLν]κ − 2Cµνκ[σLρ]κ
−∇[σξρ]µν −∇[µξν]σρ +
1
3
RCµνσρ , (2.11)
✷
(H)
g ξµνσ = 4ξκα[νCσ]
α
µ
κ + Cνσα
κξµκ
α − 4ξµκ[νLσ]κ + 6gµ[νξκσα]Lκα
+8Lακ∇[νCσ]αµκ +
1
6
Rξµνσ − 1
3
Cνσµ
κ∇κR , (2.12)
R(H)µν [g] = 2Lµν +
1
6
Rgµν . (2.13)
Here R
(H)
µν [g] is defined as
R(H)µν := Rµν − gσ(µ∇ˆν)Hσ . (2.14)
Further, the field ξµνσ above will, in the final space-time, be the Cotton tensor,
related to the Schouten tensor Lµν as
ξµνσ = 4∇[σLν]µ = 2∇[σRν]µ +
1
3
gµ[σ∇ν]R .
Finally, the operator ✷
(H)
g is defined as
✷
(H)
g vα1...αn := ✷gvα1...αn −
∑
i
gσ[αi(∇ˆµ]Hσ)vα1...µ...αn
+
∑
i
(2Lµαi −R(H)µαi +
1
6
Rgµαi)vα1...
µ
...αn , (2.15)
with ✷g = ∇µ∇µ, where in the sums in (2.15) the index µ occurs as the i’th
index on vα1...αn .
Some comments concerning (2.15) are in order. First, if g solves Friedrich’s
equations (2.1)-(2.6) in the gauge Hσ = 0, then ✷
(H)
g = ✷g, so one may wonder
why we are not simply using ✷g. The issue is that the operator ✷g on tensor
fields of nonzero valence contains second-order derivatives of the metric, so that
the principal part of a system of equations obtained by replacing ✷
(H)
g by ✷g
in (2.8)-(2.13) will not be diagonal. This could be cured by adding equations
obtained by differentiating (2.13), which is not convenient as it leads to further
constraints. Instead, one observes [13, Section 3.1] that the second derivatives
of the metric appearing in ✷g can be eliminated in terms of the remaining fields
above. For example, for a covector field v,
✷gvλ = g
µν∂µ∂νvλ − gµν(∂µΓσνλ)vσ + fλ(g, ∂g, v, ∂v)
= gµν∂µ∂νvλ + (Rλ
σ − ∂λ(gµνΓσµν))vσ + fλ(g, ∂g, v, ∂v)
= gµν∂µ∂νvλ + (Rλ
σ − ∂λHσ)vσ + fλ(g, ∂g, v, ∂v, gˆ, ∂gˆ, ∂2gˆ)
= gµν∂µ∂νvλ + (R
(H)
µλ + gσ[λ∇ˆµ]Hσ)vµ + fλ(g, ∂g, v, ∂v, gˆ, ∂gˆ, ∂2gˆ) ,
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with fλ changing from line to line. This leads to the definition
✷
(H)
g vλ := ✷gvλ − gσ[λ(∇ˆµ]Hσ)vµ + (2Lµλ − R(H)µλ +
1
6
Rgµλ)v
µ , (2.16)
consistently with (2.15).
An identical calculation shows that the operator (2.15) has the properties
just described for higher-valence covariant tensor fields.
It follows from the above that the principal part of ✷
(H)
g is gµν∂µ∂ν . This
implies that the principal part of (2.8)-(2.13) is diagonal, with principal symbol
equal to gµνpµpν times the identity matrix. In particular, we can use [7] to find
solutions of our equations whenever suitably regular initial data are at disposal.
Let (x0, x1 ≡ r, xA) be coordinates adapted to the light-cone Ci− of i− as
in [1, Section 4], and let κ measure how the coordinate x1 differs from an affine
parameter along the generators of the light-cone of i−:
∇1∂1|C
i−
= κ∂1 .
There are various gauge freedoms in the equations above. To get rid of this
we can, and will, impose
gˆµν = ηµν , R = 0 , H
σ = 0 , κ = 0 , s|C
i−
= −2 . (2.17)
The condition gˆµν = ηµν is a matter of choice. The conditions R = 0 andH
σ = 0
are classical, and can be realized by solving wave equations. The condition κ = 0
is a choice of parameterization of the generators of Ci− . The fact that s can be
made a negative constant on Ci− is justified in Appendix A, see Remark A.3.
As already pointed out, the value s = −2 is a matter of convenience, and can
be achieved by a constant rescaling of Θ and of the field dαβγ
δ.
Consider the set of fields
Ψ = (gµν , Lµν , Cµνσ
ρ, ξµνσ ,Θ, s) . (2.18)
We will denote by
Ψ˚ := (˚gµν , L˚µν , C˚µνσ
ρ, ξ˚µνσ, Θ˚, s˚) (2.19)
the (characteristic) initial data for Ψ defined along Ci− .
Set
ωAB ≡ ˘˚LAB := L˚AB − 1
2
g˚CDL˚CDg˚AB , (2.20)
and define λAB to be the solution of the equation
(∂1 − r−1)λAB = −2ωAB (2.21)
satisfying λAB = O(r
3).2 The following can be derived [13, Sections 4.2, 4.3 &
2When L˚AB arises from the restriction to the light-cone of a bounded space-time tensor,
it holds that ωAB = O(r
2) or better. We will only consider such initial data here, then there
exists a unique solution of (2.21) satisfying λAB = O(r
3) .
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6.4] from (2.1)-(2.6) and the gauge conditions (2.17):
g˚µν = ηµν , (2.22)
L˚1µ = 0 , L˚0A =
1
2
DBλAB , g˚
ABL˚AB = 0 , (2.23)
C˚µνσρ = 0 , (2.24)
ξ˚11A = 0 , (2.25)
ξ˚A1B = −2r∂1(r−1ωAB) , (2.26)
ξ˚ABC = 4D[CωB]A − 4r−1g˚A[BL˚C]0 , (2.27)
ξ˚01A = g˚
BC ξ˚BAC , (2.28)
∂1ξ˚00A = D
B(λ[A
CωB]C)− 2DBD[AL˚B]0 +
1
2
DBξA1B
−2rDAρ+ r−1ξ˚01A + λAB ξ˚01B , (2.29)
ξ˚A0B = λ[A
CωB]C − 2D[AL˚B]0 + 2rg˚ABρ−
1
2
ξ˚A1B , (2.30)
4(∂1 + r
−1)L˚00 = λ
ABωAB − 2DAL˚0A − 4rρ , (2.31)
with ξ˚00A = O(r), L˚00 = O(1), and where ρ is the unique bounded solution of
(∂1 + 3r
−1)ρ =
1
2
r−1DA∂1L˚0A − 1
4
λAB∂1(r
−1ωAB) . (2.32)
Here, and elsewhere, the symbol DA denotes the covariant derivative of g˚ABdx
AdxB.
Let sAB denote the unit round metric on S
2. We will need the following
result [13, Theorem 6.5]:
Theorem 2.1 Consider a set of smooth fields Ψ defined in a neighborhood U
of i− and satisfying (2.8)-(2.13) in I+(i−). Define the data (2.19) by restriction
of Ψ to Ci− , suppose that Θ˚ = 0 and s˚ = −2. Then the fields
(gµν , Lµν , dµνσ
ρ = Θ−1Cµνσ
ρ,Θ, s)
solve on D+(J˙+(i−)∩U ) the conformal field equations (2.1)-(2.6) in the gauge
(2.17), with the conformal factor Θ positive on I+(i−) sufficiently close to i−,
with dΘ 6= 0 on Ci− \ {i−} near i−, and with C˚µνσρ = 0, if and only if (2.21)-
(2.32) hold with ρ and r−3λAB bounded. ✷
Remark 2.2 It follows from (2.26) that a necessary condition for existence of
solutions as in the theorem is ωAB = O(r
3).
Remark 2.3 Note that solutions of the ODEs (2.29) and (2.31) are rendered
unique by the conditions ξ˚00A = O(r) and L00 = O(1), which follow from regu-
larity of the fields at the vertex.
We use overlining to denote restriction to the η-light-cone of i−.
Consider a set of fields (L˜µν , ξ˜µνρ) defined in a neighborhood of i
−, and set
ωAB := L˜AB − 1
2
g˜CDL˜CDg˜AB . (2.33)
6
We will say that (L˜µν , ξ˜µνρ) provides an approximate solution of the constraint
equations if (2.21)-(2.32) hold up to O(r∞) error terms. Thus it must hold that
L˜1µ = O(r
∞) , L˜0A =
1
2
DBλAB +O(r
∞) , g˜ABL˜AB = O(r
∞) , (2.34)
ξ˜11A = O(r
∞) , (2.35)
ξ˜A1B = −2r∂1(r−1ωAB) +O(r∞) , (2.36)
ξ˜ABC = 4D[CωB]A − 4r−1g˜A[BL˜C]0 +O(r∞) , (2.37)
ξ˜01A = g˜
BC ξ˜BAC +O(r
∞) , (2.38)
∂1ξ˜00A = D
B(λ[A
CωB]C)− 2DBD[AL˜B]0 +
1
2
DBξA1B
−2rDAρ˜+ r−1ξ˜01A + λAB ξ˜01B +O(r∞) , (2.39)
ξ˜A0B = λ[A
CωB]C − 2D[AL˜B]0 + 2rg˜AB ρ˜
−1
2
ξ˜A1B +O(r
∞) , (2.40)
4(∂1 + r
−1)L˜00 = λ
ABωAB − 2DAL˜0A − 4rρ˜+O(r∞) , (2.41)
with ξ˜00A = O(r), L˜00 = O(1), where ρ˜ is a bounded solution of
(∂1 + 3r
−1)ρ˜ =
1
2
r−1DA∂1L˜0A − 1
4
λAB∂1(r
−1ωAB) +O(r
∞) , (2.42)
and where λAB is the solution of (2.21) satisfying λAB = O(r
3), or differs from
that solution by O(r∞) terms.
Our first main result is the following:
Theorem 2.4 Let g˜µν be a smooth metric defined near i
− such that for small
r we have
g˜µν − ηµν = O(r∞) .
Let L˜µν be the Schouten tensor of g˜µν , let ξ˜αβγ be the Cotton tensor of g˜µν and
let C˜αβγβ be its Weyl tensor. Assume that (L˜µν , ξ˜µνρ) solves the approximate
constraint equations.
Then there exist smooth fields (gµν , Lµν , Cµνσ
ρ,Θ, s) defined in a neighbour-
hood of i− such that the fields
(gµν , Lµν , dµνσ
ρ = Θ−1Cµνσ
ρ,Θ, s)
solve the conformal field equations (2.1)-(2.6) in I+(i−), satisfy the gauge con-
ditions (2.17), with
Θ = 0 , Cµνσ
ρ = 0 , L˘AB = ωAB , (2.43)
with the conformal factor Θ positive on I+(i−) sufficiently close to i−, and with
dΘ 6= 0 on Ci− \ {i−} near i−.
Proof: We will apply Theorem 2.1 to a suitable evolution of the initial data.
For this we need to correct Ψ by smooth fields so that the restriction to the
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light-cone of the new Ψ satisfies the constraint equations as needed for that
theorem. Subsequently, we define new fields
gˇµν = g˜µν + δgµν , Lˇµν = L˜µν + δLµν , ξˇµνσ = ξ˜µνσ + δξµνσ ,
as follows:
We let δgµν be any smooth tensor field defined in a neighborhood of i
− which
is O(|y|∞) and which satisfies
δgµν = ηµν − g˜µν .
Indeed, it follows from e.g. [4, Equations (C4)-(C5)] that the y–coordinates
components δgµν of g are O(r
∞), and existence of their smooth extensions
follows from [5, Lemma A.1]. This extension procedure will be used extensively
from now on without further reference.
To continue, we let δξαβγ be any smooth tensor defined in a neighborhood
of i−, with y-coordinate-components which are O(|y|∞), such that
1. δξ11A = −ξ˜11A;
2. δξA1B = −ξ˜A1B − 2r∂1(r−1ωAB) (recall that ωAB has been defined in
(2.33));
3. δξABC = −ξ˜ABC + 4D[CωB]A − 4r−1g˜A[BL˜C]0 ;
4. δξ01A = −ξ˜01A + g˜BC ξ˜BAC ;
5. δξ00A is the solution vanishing at r = 0 of the system of ODEs
∂1(δξ00A + ξ˜00A) = D
B(λ[A
CωB]C)− 2DBD[ALˇB]0 +
1
2
DB ξˇA1B
−2rDAρˇ+ r−1ξˇ01A + λAB ξˇ01B , (2.44)
where ρˇ is the unique bounded solution of
(∂1 + 3r
−1)ρˇ =
1
2
r−1DA∂1Lˇ0A − 1
4
r−1λAB∂1(r
−1ωAB) (2.45)
(it follows from [4, Appendix B] that δξ00A is O(r
∞));
6. δξA0B = −ξ˜A0B + λ[ACωB]C − 2D[AL˜B]0 + 2rg˜AB ρˇ− 12 ξ˜A1B .
Finally, we let δLµν be any smooth tensor field defined in a neighborhood
of i−, the y-components of which are O(|y|∞), such that:
1. δL1µ = −L˜1µ;
2. δL0A = −L˜0A + 12DBλAB ;
3. δLAB = fηAB, where f is any smooth function defined in a neighborhood
of i− which is O(|y|∞) such that
2f ≡ ηABδLAB = −g˜ABL˜AB
(we emphasise that the ηAB-trace-free part of LAB coincides thus with the
ηAB-trace-free part of L˜AB);
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4. δL00 is the solution vanishing at r = 0 of the system of ODEs
4(∂1 + r
−1)(δL00 + L˜00) = λ
ABωAB − 2DAL˜0A − 4rρˇ (2.46)
(it follows from [4, Appendix B] that δL00 is O(r
∞)).
Let
(gµν , Lµν , Cµνσ
ρ, ξµνσ ,Θ, s)
be a solution of (2.8)-(2.13) with initial data
(˚gµν , L˚µν , C˚µνσ
ρ, ξ˚µνσ, Θ˚, s˚) := (ηµν , Lˇµν , 0, ξˇµνσ, 0,−2) .
A solution exists by [7, The´ore`me 2]. It follows by construction that the hy-
potheses of Theorem 2.1 hold, and the theorem is proved. ✷
An alternative way of obtaining solutions of our problem proceeds via the
following system of conformal wave equations:
✷
(H)
g Lµν = 4LµκLν
κ − gµν |L|2 − 2ΘdµσνρLρσ + 1
6
∇µ∇νR , (2.47)
✷gs = Θ|L|2 − 1
6
∇κR∇κΘ− 1
6
sR , (2.48)
✷gΘ = 4s− 1
6
ΘR , (2.49)
✷
(H)
g dµνσρ = Θdµνκ
αdσρα
κ − 4Θdσκ[µαdν]αρκ +
1
2
Rdµνσρ , (2.50)
R(H)µν [g] = 2Lµν +
1
6
Rgµν . (2.51)
Any solution of the conformal field equations (2.1)-(2.6)
(R = 0, gˆµν = ηµν , H
µ = 0, κ = 0, s˚ = −2) (2.52)
necessarily satisfies [13, Sections 4.2 & 4.3]:
g˚µν = ηµν , L˚1µ = 0 , L˚0A =
1
2
DBλAB , g˚
ABL˚AB = 0 , (2.53)
d˚1A1B = −1
2
∂1(r
−1ωAB) , (2.54)
d˚011A =
1
2
r−1∂1L˚0A , (2.55)
d˚01AB = r
−1D[AL˚B]0 −
1
2
r−1λ[A
CωB]C , (2.56)
(∂1 + 3r
−1)d˚0101 = D
Ad˚011A +
1
2
λAB d˚1A1B , (2.57)
2(∂1 + r
−1)d˚010A = D
B(d˚01AB − d˚1A1B) + DAd˚0101 + 2r−1d˚011A
+2λA
B d˚011B , (2.58)
4(∂1 − r−1) ˘˚d0A0B = (∂1 − r−1)d˚1A1B + 2(D(Ad˚B)110 )˘ + 4(D(Ad˚B)010)˘
+3λ(A
C d˚B)C01 + 3d˚0101λAB , (2.59)
4(∂1 + r
−1)L˚00 = λ
ABωAB − 2DAL˚0A − 4rd˚0101 . (2.60)
We have the following result [13, Theorem 5.1]:
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Theorem 2.5 A smooth solution
(gµν , Lµν , dµνσ
ρ,Θ, s)
of the system (2.47)-(2.51), with initial data
(˚gµν , L˚µν , d˚µνσ
ρ, Θ˚ = 0, s˚ = −2)
on Ci− , solves on D
+(J˙+(i−)) the conformal field equations (2.1)-(2.6) in the
gauge (2.52), with Θ positive on I+(i−) sufficiently close to i−, and with dΘ 6= 0
on Ci− \ {i−} near i−, if and only if (2.53)-(2.60) hold with ωAB(r, xA) and
λAB(r, x
A) defined by (2.20)-(2.21).
Remark 2.6 It follows from (2.54) that a necessary condition for existence of
solutions as in Theorem 2.5 is ωAB = O(r
4). Note that this is stronger than what
is needed in Theorem 2.4, see Remark 2.2. It would be of interest to clarify
the question of existence of data needed for Theorem 2.1 with ωAB = O(r
3)
properly.
Remark 2.7 Note that the solutions of the ODEs (2.57)-(2.60) are rendered
unique by the conditions d˚0101 = O(1), d˚010A = O(r),
˘˚
d0A0B = O(r
2) and
L˚00 = O(1), which follow from regularity of the fields at the vertex.
A smooth metric g˜ will be called an approximate solution of the constraint
equations (2.53)-(2.60) if C˜αβγδ = Θ˜d˜
α
βγδ for some smooth function Θ˜ vanish-
ing on Ci− and for some smooth tensor d˜
α
βγδ, where C˜
α
βγδ is the Weyl tensor
of g˜, and if (2.53)-(2.60) hold on the light-cone of i− up to terms which are
O(r∞), where L˜µν is the Schouten tensor of g˜, and where ωAB and λAB are,
possibly up to O(r∞) terms, given by (2.20)-(2.21).
Our second main result is the following:
Theorem 2.8 Let g˜µν be an approximate solution of the constraint equations
(2.53)-(2.60) defined near i−. Then there exist smooth fields
(gµν , Lµν , dµνσ
ρ = Θ−1Cµνσ
ρ,Θ, s)
defined in a neighbourhood of i− which solve the conformal field equations (2.1)-
(2.6) in I+(i−), satisfy the gauge conditions (2.17), with
Θ = 0 , Cµνσ
ρ = 0 , L˘AB = ωAB , (2.61)
with the conformal factor Θ positive on I+(i−) sufficiently close to i−, and with
dΘ 6= 0 on Ci− \ {i−} near i−.
Proof: We will apply Theorem 2.5 to a suitable evolution of the initial data.
For this we need to correct (g˜µν , L˜µν , d˜µνσρ) by smooth fields so that the new
initial data on the light-cone satisfy the constraint equations as needed for that
theorem. The construction of the new fields
gˇµν = g˜µν + δgµν , Lˇµν = L˜µν + δLµν , dˇµνσρ = d˜µνσρ + δdµνσρ , (2.62)
is essentially identical to that of the new fields of the proof of Theorem 2.4, the
reader should have no difficulties filling-in the details. We emphasise that the
10
trace-free part of δLAB is chosen to be zero, hence the trace-free part of LˇAB
coincides with the trace-free part of L˜AB on the light-cone.
Once the fields (2.62) have been constructed, we let
(gµν , Lµν , dµνσρ,Θ, s)
be a solution of (2.47)-(2.51) with initial data
(˚gµν , L˚µν , d˚µνσρ, Θ˚, s˚) := (ηµν , Lˇµν , dˇµνσρ, 0,−2) .
A solution exists by [7, The´ore`me 2]. It follows by construction that the hy-
potheses of Theorem 2.5 hold, and the theorem is proved. ✷
3 Proof of Theorem 1.1
We are ready now to prove Theorem 1.1: Let ς be the cone-smooth tensor field
of the statement of the theorem. Thus, there exists a smooth tensor field d˜αβγδ
with the algebraic symmetries of the Weyl tensor so that ς is the pull-back of
d˜αβγδℓ
αℓγ (3.1)
to CO \ {O}.
Let ψ˜MNPQ be a totally-symmetric two-index spinor associated to d˜αβγδ in
the usual way [12, Section 3] (compare [14]). Set θ0 = dt, θ1 = dr. Let γ be a
generator of C0, and let θ
2, θ3 be a pair of covector fields so that {θµ} forms an
orthonormal basis of T ∗M over γ and which are η-parallel propagated along γ.
Then ς can be written as
ς = ςabθ
aθb ,
with a, b running over {2, 3}. By construction, the coordinate components ςAB
of ς coincide with the coordinate components d˜1A1B of the restriction to the
light-cone of d˜1A1B, and thus define a unique field ωAB by integrating (2.54)
with the boundary condition ωAB = O(r
2).
Let the basis {eµ} be dual to {θµ}, set m = e2+
√−1e3. Then the radiation
field ψ0 of [12, Equation (5.3)], defined using ψ˜MNPQ, equals
ψ0 = ςabm
amb .
(Under a rotation of {e3, e4} the field ψ0 changes by a phase, and defines thus
a section of a spin-weighted bundle over CO \ {O}.) Conversely, any radiation
field ψ0 of [12] arises from a unique cone-smooth ςab as above.
It has been shown in [12, Propositions 8.1 & 9.1] that the radiation field ψ0,
hence ς , defines a smooth Lorentzian metric ˜˜g such that the resulting collection
of fields (˜˜gµν ,
˜˜Lµν ,
˜˜dµνσρ,
˜˜Θ, ˜˜s) satisfies (2.1)-(2.6) up to error terms which are
O(|y|∞), with ˜˜gµν |CO = ηµν . The construction in [12] is such that the field ς
calculated from the field d˜αβγδ of (3.1) coincides with the field ς calculated from
the field
˜˜
dαβγδ associated with the metric ˜˜g. Hence the fields ωAB associated
with d˜αβγδ and
˜˜
dαβγδ are identical. The conclusion follows now from Theo-
rem 2.8. ✷
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4 Alternative data at I −
Recall that there are many alternative ways to specify initial data for the Cauchy
problem for the vacuum Einstein equations on a (usual) light-cone, cf. e.g. [6].
Similarly there are many ways to provide initial data on a light-cone emanating
from past timelike infinity. In Theorem 1.1 some components of the rescaled
Weyl tensor dµνσρ have been prescribed as free data. As made clear in the proof
of that theorem, this is equivalent to providing some components of the rescaled
Weyl spinor ψMNPQ, providing thus an alternative equivalent prescription. Our
Theorems 2.4 and 2.8 use instead the components (2.33) of the rescaled Schouten
tensor L˜µν . These components are related directly to the free data of Theo-
rem 1.1 via the constraint equation (2.54). It is clear that further possibilities
exist. Which of these descriptions of the degrees of freedom of the gravitational
field at large retarded times is most useful for physical applications remains to
be seen.
A The s = −2 gauge
We start with some terminology. We say that a function f defined on a space-
time neighbourhood of the origin is om(|y|k) if f is Cm and if for 0 ≤ ℓ ≤ m we
have
lim
|y|→0
|y|ℓ−k∂µ1 . . . ∂µℓf = 0 ,
where |y| :=
√∑n
µ=0(y
µ)2.
A similar definition will be used for functions defined in a neighbourhood of
O on the future light-cone
CO = {y0 = |~y|} .
For this, we parameterize CO by coordinates ~y = (y
i) ∈ Rn, and we say
that a function f defined on a neighbourhood of O within CO is om(r
k) if
f is a Cm function of the coordinates yi and if for 0 ≤ ℓ ≤ m we have
limr→0 r
ℓ−k∂µ1 . . . ∂µℓf = 0, where
r := |~y| ≡
√√√√ n∑
i=1
(yi)2 .
We further set
Θi :=
yi
r
.
A function ϕ defined on CO will be said to be C
k-cone-smooth if there
exists a function f on space-time of differentiability class Ck such that ϕ is the
restriction of f to CO. We will simply say cone-smooth if k =∞.
The following lemma will be used repeatedly:
Lemma A.1 (Lemma A.1 in [5]) Let k ∈ N. A function ϕ defined on a light-
cone CO is the trace f on CO of a C
k space-time function f if and only if ϕ
admits an expansion of the form
ϕ =
k∑
p=0
fpr
p + ok(r
k) , (A.1)
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with
fp ≡ fi1...ipΘi1 · · ·Θip + f ′i1...ip−1Θi1 · · ·Θip−1 , (A.2)
where fi1...ip and f
′
i1...ip−1
are numbers.
The claim remains true with k =∞ if (A.1) holds for all k ∈ N. ✷
Coefficients fp of the form (A.2) will be said to be admissible.
One of the elements needed for the construction in [12] is provided by the
following result:
Proposition A.2 Let p be a point in a smooth space-time (M , g), U a neigh-
borhood of p, and Sµν [g] the trace free part of the Ricci tensor of g. Let ℓ
ν denote
the field of null directions tangent to ∂J+(p) ∩U . Let a > 0 be a real number
and let β be a one-form at p. Then, replacing U by a smaller neighborhood of
p if necessary, there exists a unique smooth function θ defined on U satisfying
θ = a and dθ = β at p, ℓµℓνSµν [θ
2g] = 0 on ∂J+(p) ∩U , (A.3)
and such that
the Ricci scalar of θ2g vanishes on J+(p) ∩U . (A.4)
Remark A.3 It follows from (2.4) multiplied by ∇µΘ that s is constant on
∂J+(p) ∩U when the gauge (A.3) has been chosen.
Proof: In dimension n let g′ = φ4/(n−2)g, then
R′µν = Rµν−2φ−1∇µ∇νφ+
2n
n− 2φ
−2∇µφ∇νφ− 2
n− 2φ
−1(∇σ∇σφ+φ−1|dφ|2)gµν .
So, in dimension n = 4, and with φ = θ we obtain
S′µν = Sµν − 2θ−1
(
∇µ∇νθ − 1
4
∆θgµν
)
+ 4θ−2
(
∇µθ∇νθ − 1
4
|∇θ|2gµν
)
.
We overline restrictions of space-time functions to the light-cone. The equation
ℓµℓνSµν [θ2g] = 0 takes thus the form
ℓµℓν∇µ∇νθ − 2θ−1(ℓµ∇µθ)2 = 1
2
θℓµℓνSµν .
In coordinates adapted to the light-cone as in [1, Appendix A], so that ℓµ∂µ =
∂r, with r an affine parameter, this reads
θ−1∂2rθ − 2θ−2(∂rθ)2 =
1
2
S11 .
Setting
ϕ :=
∂rθ
θ
,
this can be rewritten as
∂rϕ = ϕ
2 +
1
2
S11 . (A.5)
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It is useful to introduce some notation. As in [1], we underline the compo-
nents of a tensor in the coordinates yµ, thus:
Sµν = S
( ∂
∂yµ
,
∂
∂yµ
)
, Sµν = S
( ∂
∂xµ
,
∂
∂xµ
)
,
etc, where (xµ) := (y0−|~y|, |~y|, xA), with xA being any local coordinates on S2.
We write interchangeably x1 and r.
The initial data for ϕ are
ϕ(0) =
1
a
(β0 + βiΘ
i) . (A.6)
To show that θ is cone-smooth, it suffices to prove that
ψ := rϕ
is Ck-cone-smooth for all k, as follows immediately from the expansions of
Lemma A.1, together with integration term-by-term in the formula
ln
(
θ
a
)
=
∫ r
0
ϕ ,
compare [4, Lemma B.1].
We shall proceed by induction. So suppose that ψ is Ck-cone-smooth. The
result is true for k = 0 since every solution of (A.5) is continuous in all variables,
and rϕ tends to zero as r tends to zero, uniformly in Θi ∈ S2.
It follows that the source term S11 in (A.5) can be written as
S11 = r
−2r2S00 + 2tS0iy
i + Sijy
iyj︸ ︷︷ ︸
=:χ
:= r−2χ ,
where χ is a smooth function on space-time. We thus have
∂rϕ = ϕ
2 +
1
2
S11 = r
−2(ψ2 +
1
2
χ) . (A.7)
The function ψ is Ck-cone-smooth and O(r), and can thus be written in the
form (A.1)-(A.2),
ψ =
k∑
p=1
fpr
p + ok(r
k) .
Squaring we obtain
ψ2 =
k+1∑
p=2
f ′pr
p + ok(r
k+1) ,
for some new admissible coefficients f ′p. The function χ is C
k+1-cone-smooth
and O(r2), and can thus be written in the form (A.1)-(A.2) with k replaced by
k + 1 there,
χ =
k+1∑
p=2
f ′′p r
p + ok+1(r
k+1) .
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Hence
∂rϕ =
k−1∑
p=2
f ′′′p r
p−2 + ok(r
k−1) (A.8)
for some admissible coefficients f ′′′p . Integration gives
ϕ =
1
a
(β0 + βiΘ
i) +
k∑
p=2
1
p− 1f
′′′
p r
p−1 + ok(r
k) , (A.9)
and thus
ψ = rϕ =
1
a
(β0r + βiy
i) +
k+1∑
p=2
1
p− 1f
′′′
p r
p + ok(r
k+1) . (A.10)
Differentiating rϕ with respect to r and using (A.8) we further obtain
∂rψ = ∂r
(
1
a
(β0r + βiy
i) +
k+1∑
p=2
1
p− 1f
′′′
p r
p
)
+ ok(r
k) . (A.11)
Let X = XA∂A be any vector field on S
2, then X(ϕ) solves the equation
obtained by differentiating (A.7),
∂rX(ϕ) = 2ϕX(ϕ) +
1
2
X(S11) . (A.12)
Equivalently,
X(rϕ)(r, xA) = e2
∫
r
0
ϕ(r˜,xA)dr˜
(
X(rϕ(0, xA))
+
1
2
r
∫ r
0
e−2
∫
rˆ
0
ϕ(r˜,xA)dr˜X(S11)(rˆ, x
A)drˆ
)
.
The right-hand side is Ck-cone-smooth. We conclude that ψ is Ck+1-cone-
smooth. This finishes the induction, and proves that θ is cone-smooth.
The existence and uniqueness of a solution θ of (A.4) which equals θ on CO
follows now from [7, The´ore`me 2]. ✷
Acknowledgements Useful discussions with Helmut Friedrich are acknowl-
edged.
References
[1] Y. Choquet-Bruhat, P.T. Chrus´ciel, and J.M. Mart´ın-Garc´ıa, The Cauchy
problem on a characteristic cone for the Einstein equations in arbitrary
dimensions, Ann. H. Poincare´ 12 (2011), 419–482, arXiv:1006.4467 [gr-qc].
MR 2785136
[2] Y. Choquet-Bruhat and M. Novello, Syste`me conforme re´gulier pour les
e´quations d‘Einstein, C. R. Acad. Sci. Paris 205 (1987), 155–160.
15
[3] D. Christodoulou and S. Klainermann, Nonlinear stability of Minkowski
space, Princeton University Press, Princeton, 1993.
[4] P.T. Chrus´ciel, The existence theorem for the Cauchy problem on the light-
cone for the vacuum Einstein equations, (2012), arXiv:1209.1971 [gr-qc].
[5] P.T. Chrus´ciel and J. Jezierski, On free general relativistic initial data on
the light cone, Jour. Geom. Phys. 62 (2012), 578–593, arXiv:1010.2098 [gr-
qc].
[6] P.T. Chrus´ciel and T.-T. Paetz, The many ways of the characteris-
tic Cauchy problem, Class. Quantum Grav. 29 (2012), 145006, 27,
arXiv:1203.4534 [gr-qc]. MR 2949552
[7] M. Dossa, Espaces de Sobolev non isotropes, a` poids et proble`mes de Cauchy
quasi-line´aires sur un cono¨ıde caracte´ristique, Ann. Inst. H. Poincare´ Phys.
The´or. 66 (1997), 37–107. MR MR1434115 (98b:35117)
[8] , Proble`mes de Cauchy sur un cono¨ıde caracte´ristique pour les
e´quations d’Einstein (conformes) du vide et pour les e´quations de Yang-
Mills-Higgs, Ann. H. Poincare´ 4 (2003), 385–411. MR MR1985778
(2004h:58041)
[9] H. Friedrich, On the regular and the asymptotic characteristic initial value
problem for Einstein’s vacuum field equations, Proc. Roy. Soc. London Ser.
A 375 (1981), 169–184. MR MR618984 (82k:83002)
[10] , On purely radiative space-times, Commun. Math. Phys. 103
(1986), 35–65.
[11] , Conformal Einstein evolution, The conformal structure of space-
time, Lecture Notes in Phys., vol. 604, Springer, Berlin, 2002, arXiv:gr-
qc/0209018, pp. 1–50. MR 2007040 (2005b:83005)
[12] , The Taylor expansion at past time-like infinity, (2013),
arXiv:1306.5626 [gr-qc].
[13] T.-T. Paetz, Conformally covariant systems of wave equations and their
equivalence to Einstein’s field equations, (2013), arXiv:1306.6204 [gr-qc].
[14] R. Penrose and W. Rindler, Spinors and spacetime I: Two-spinor calculus
and relativistic fields, Cambridge University Press, Cambridge, 1984.
16
